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Abstract
User activity fluctuations reflect the performance of online society. We investigate the statistical properties of 1-min user activity
time series of simultaneously online users inhabited in 95 independent virtual worlds. The number of online users exhibits clear
intraday and weekly patterns due to human’s circadian rhythms and week cycles. Statistical analysis shows that the distribution of
absolute activity fluctuations has a power-law tail for 44 virtual worlds with an average tail exponent close to 2.15. The partition
function approach unveils that the absolute activity fluctuations possess multifractal features for all the 95 virtual worlds. For
the sample of 44 virtual worlds with power-law tailed distributions of the absolute activity fluctuations, the width of singularity
∆α is negatively correlated with the maximum activity (p-value=0.070) and the time to the maximum activity (p-value=0.010).
The negative correlations are not observed for neither the other 51 virtual worlds nor the whole sample of the 95 virtual worlds.
In addition, numerical experiments indicate that both temporal structure and large fluctuations have influence on the multifractal
spectrum. We also find that the temporal structure has stronger impact on the singularity width than large fluctuations.
[Chaos, Solitons & Fractals 105, 271-278 (2017)]
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1. Introduction
Amassive multiplayer online role-playing game (MMORPG)
forms an online virtual world, where people can work and inter-
act with one another in a somewhat realistic manner. Therefore,
virtual worlds have great potential for research in the social, be-
havioral, and economic sciences [1]. For instance, we can em-
bed evolutionary games in a virtual world to study the forma-
tion of human cooperation [2] and to understand the evolution
of wealth distribution [3]. A pioneering work was done by Cas-
tronova, who traveled in a virtual world called “Norrath” and
performed preliminary analysis of its economy [4]. Recently,
there have been also efforts in the field of computational social
sciences from a complex network perspective [5–11]. In addi-
tion to its scientific potentials, virtual worlds could act as nice
places for real social activities, such as marketing [12–14], and
provide opportunities for players to make real money [15].
The number of instant online users is an important indicator
for scientific and commercial purposes. The number of reg-
istered users is closely related to the profit of an MMORPG
company and the instant number of online users shows the de-
gree of popularity of an MMORPG [16]. The number of in-
stant online users is an analogue to various instant society flows
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[17, 18]. Moreover, we note that the online-offline activities of
users have the power to identify game cheaters and the gaming
session durations of the majority of normal users are distributed
according to the Weibull distribution [19], which deviates the
power-law bursts of human activities in many social systems
[20]. In addition, power-law behavior extensively exist in so-
cial and natural sciences [21, 22], which is identified in our
investigated data. In a word, it is meaningful to study the linear
and nonlinear dynamics of the number of instant online users
and duration between login and logoff moments. We mainly
focus on the multifractal nature of the absolute fluctuations of
user activities (the absolute increments of instant numbers of
simultaneously online users) in this work.
Multifractals is ubiquitous in natural and social sciences
[23]. Many different methods have been applied to characterize
the hidden multifractal behavior of different social variables,
such as the fluctuation scaling analysis [24, 25], the structure
function method [26–29], the multifractal detrended fluctuation
analysis (MF-DFA) [30–32], the multifractal detrending mov-
ing average analysis (MF-DMA) [33], the partition function
method [34–38], the multiplier method [39–41], the wavelet
transform approaches [42, 43], and the microcanonical multi-
fractal analysis [44, 45], some of which are borrowed from the
multifractal analysis of turbulence data. We apply the partition
function approach to the absolute fluctuation time series of 1-
min online user number to uncover the multifractal nature of
the records in the present study.
The rest of this paper is organized as follows. Section 2 de-
scribes the data used in our study, including the time series of
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user activities and its fluctuations. Section 3 investigates the in-
traday patterns and weekly patters of user activities and Section
4 studies the probability distribution of the fluctuations of user
activities |∆N|. We perform multifractal analysis of the user
activity fluctuations based on the partition function approach
and unfold the relationships between multifractal nature and the
performance of virtual worlds. We summarize our findings in
Section 6.
2. Data description
We use a huge database recorded from 95 servers of a pop-
ular MMORPG in China to uncover the patterns characterizing
virtual worlds. Our data set contains all in-game action logs for
111 days from May 16 to September 4 in 2011. However, we
mainly focus on the online-offline logs in this study. An entry
is written to the log file when a user goes offline. Therefore,
the entries in a log file are arranged according to an increas-
ing order of logout moments. Each entry contains three pieces
of information: the masked user ID, its login time, and its lo-
gout time. The resolution of the time stamps is 1 second. For
each user, we collect all the associated entries. During this pe-
riod, on average, there were more than 100 000 users created
on each server. For security sake, the true user IDs have been
encrypted into numbers from 1 to the ordinal number of the last
ID for each virtual world.
We use 1-min number Ni(t) of simultaneously online users
as the user activity of the i-th virtual world. Considering the
privacy of the data, we define a quantity ni(t) as a substitute for
Ni(t), which does not change the results,
ni(t) = Ni(t)/Nmax, (1)
where
Nmax = max
i
{Ni,max, i = 1, 2, · · · , 95} (2)
in which Ni,max is the maximum of the user activities Ni(t) of
the i-th virtual world:
Ni,max = max
t
{Ni(t), t = 1, 2, · · · , T } (3)
Accordingly, the relative maximum 1-min number of online
users can be calculated as follow:
ni,max = Ni,max/Nmax. (4)
We find that the majority of ni,max are greater than 0.8 and the
mean is 0.8105, which indicates that there exist small differ-
ences in the maximum activity Ni,max amongmost virtual worlds.
Meanwhile, we have removed the abnormal activities (e.g. when
the servers were scheduled for maintaining or during game ver-
sion updating) of the 95 virtual worlds in order to ensure statis-
tical significance.
Fig. 1 illustrates the evolution of 1-min online user numbers
for a typical server during the period under investigation. The
maximum relative activity ni,max is reached at the beginning of
the recording period. Especially, there exist two evident local
humps in the plot around 2011/05/21 and 2011/07/20. These
16May 12Jun 09Jul 05Aug 01Sep0
0.2
0.4
0.6
0.8
1
t/day
n
1
(t
)
Figure 1: Time series of the relative number n1(t) of online users minute by
minute for a typical virtual world.
humps are mainly caused by some new marketing actions orga-
nized by the online game operators. We find that other curves
almost share the same shape as in Fig. 1 except for some spe-
cial dates, and the rest time series of the virtual worlds also have
similar features.
Fig. 2 illustrates the evolution of absolute fluctuations of
online user activities, which is the absolute difference
∆n1(t) = |n1(t) − n1(t − 1)|. (5)
One can find that the time series exhibits large fluctuations and
intermittent behavior. In addition, Eq. (5) is a substitute of
Eq. (6), which does not change the results.
∆N1(t) = |N1(t) − N1(t − 1)|. (6)
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Figure 2: Evolution of the fluctuations |∆n1(t)| of user activities in the same
typical virtual world used in Fig. 1.
2
3. Intraday pattern and weekly pattern
In order to investigate the seasonal patterns in the time se-
ries of the online user activities, we calculate the average num-
ber Ai(t˜) of online users as follows
Ai(t˜) =
1
Mi
Mi∑
j=1
n
j
i
(t˜), (7)
where i = 1, 2, 3, · · · , 95 and Mi is the number of operating
days in the i-th virtual world, n
j
i
(t˜) is the 1-min relative number
of online users, which is divided by its maximum at time t˜ of
day j as defined in Eq. (1).
We first determine the intraday patterns on working days
respectively for Monday, Tuesday, Wednesday, Thursday and
Friday, as presented in Fig. 3. Roughly speaking, the five curves
almost overlap and no remarkable differences are observed among
these days. On average, the maximum number of online users is
reached at around 21:00 p.m. after finishing dinner and before
going to bed. After that the number of online users decreases
gradually till about 6:00 a.m. on the next day. The time of low
activity in virtual worlds is reminiscent of cell phone users in
reality [21, 46]. Early in the morning around 5:00 a.m., players
start to enter virtual worlds again and the number of online users
increases. This increasing trend ends till 21:00 p.m., except for
the afternoon during which the number of online users exhibits
a plateau. The majority of players are young college students
and young workers[47]. Generally speaking, they would like
to finish their real-world tasks in the afternoon, getting ready
for night or overnight game-playing. In addition, the relatively
sharp drop of online user of the weekend curve is probably due
to the fact that most of the player have to sleep normally in the
Sunday evening so that they can have a normal life on Monday.
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Figure 3: Intraday patterns for Monday, Tuesday, Wednesday, Thursday, and
Friday (consider only the sample of working day) of online user numbers. Note
that the Friday curve is slight different from other curves. Other virtual worlds
have very similar patterns.
A careful scrutiny unveils that the average number on Fri-
day increases quicker after 17:00 and remains above other four
curves from 18:00 to 24:00 for all virtual worlds, which is slightly
different from the result of another game in 2007 in which the
prominence of the Friday curve started after lunch [16]. The
intraday pattern in Friday evening is explained by the fact that
Fridays are followed by Saturdays and most of the players are
free in weekends, while that in the Friday afternoon 17:00 is
explained by the fact that most college students do not have
courses and many official institutions have much less work to
do, for instance, only a small part of the officials might have
obligations. This Friday afternoon 17:00 pattern is expected to
be idiosyncratic for MMORPGs playedmainly by Chinese peo-
ple. We also notice a sharp discontinuity in the Friday curve
from the right end to the left end, which is trivial since the next
moment after the midnight of Friday is before dawn on Satur-
day, which has higher activity than working days.
We then partition all the 111 days into two groups, one con-
taining all working days and the other including all weekends
and public holidays. The intraday patterns of these two groups
of days are shown in Fig. 4. At a first glance, the intraday pat-
terns in weekdays and in weekends are quite similar, except that
the users are more active on the weekends. The trend of online
user number is consistent with the circadian rhythm of human
activities. However, a significant difference appears from 15:00
p.m. to 18:00 p.m. between working days and holidays. At
least for part of the players, game-playing is only part of their
lives and they will hang out for other social activities, such as
going shopping and arranging dinner with families, friends or
colleagues.
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Figure 4: (color online) Intraday patterns of online user numbers on work-
ing days and holidays (including weekends and public holidays) for a typical
virtual world. It is trivial that there are more users playing in virtual worlds on
weekends and public holidays. The most significant difference between the two
patterns lies in 17:00-18:00. Other virtual worlds have very similar patterns.
We now turn to investigate the weekly patterns of online
user activities. The result is illustrated in Fig. 5. We observe
very nice “periodic” oscillations on a daily base with mild fluc-
tuations. Each periodic oscillation exhibits two peaks, which is
more prominent in the weekend curves. On average, the activity
of virtual worlds decreases from Monday to Thursday and in-
creases since Friday. One can also observe that the minimum of
average number curve for weekend is slightly larger than other
days, which is consistent with Fig. 3. Although this weekly
pattern is significant, it is sufficient to consider only the intra-
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Figure 5: Weekly patterns of online user numbers for a typical virtual world.
Although the seven oscillations have very similar shape, there are clear differ-
ences between weekdays and weekends, and among weekdays as well. Other
virtual worlds have very similar patterns.
day patterns for most quantitative analyses. These intraday and
weekly patterns are quite similar for other virtual worlds. Be-
cause of the large number of independent game servers and the
length of investigation period, our results can reveal reliably the
common rules governing human dynamics. For instance, such
circadian rhythms and weekly cycles are reported to generate
universal macroscopic behaviors of humans [48, 49].
4. Probability distributions of |∆Ni|
The probability distribution of a random variable is of es-
sential importance since it can fully determine the moments of
the variable and may have a direct relationship to the multifrac-
tality of the time series [50]. In this section, we will study the
empirical probability distributions of |∆Ni| of all the 95 virtual
worlds.
We computed the empirical probability distributions of |∆Ni|
for all the 95 virtual worlds and found that a large part of the
distributions have power-law tails:
p(|∆Ni|) = Ci|∆Ni|
−(βi+1) (8)
when |∆Ni| ≥ |∆Ni|min, where βi is the power-law tail exponent,
|∆Ni|min is the lower bound of the scaling range of the power-
law decay, and Ci is the normalization factor. Fig. 6 illustrates
the empirical complementary cumulative distributions P(|∆Ni|)
of |∆Ni| for three virtual worlds. Evident power-law tails are
observed. However, the objective detection and characteriza-
tion of power-law tails is not straightforward due to the large
fluctuations in the tails of the distributions. In particular, stan-
dard methods such as the least-squares regression on log-log
scales are known to produce systematically biased estimates of
the parameters for power-law distributions and thus should not
be used under most circumstances [22].
To have a deeper understanding of the tail behavior, we need
to conduct an objective analysis. Based on the Kolmogorov-
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Figure 6: (color online) Empirical complementary cumulative distributions of
the absolute activity fluctuations |∆Ni | of online users in 1 min for three typical
virtual worlds i = 1, 2 and 3. The curves for i = 2 and 3 have been shifted
horizontally by 10 and 100 times for better visibility.
Smirnov test, Clauset et al. proposed an efficient quantitative
method to test if the tail has a power-law form and, if so, to
estimate the power-law exponent βi for the data greater than
or equal to a threshold |∆Ni|min [22]. We describe briefly the
method, which has been extensively applied in many fields. Be-
cause the values of |∆Ni| are positive integers, we mainly focus
on the discrete case. Under the assumption of probability dis-
tribution form of |∆Ni| described in Eq. (8), by calculating the
normalizing constant, one finds that
p(|∆Ni|) = C|∆Ni|
−(βi+1) =
|∆Ni|
−(βi+1)
ζ(βi + 1, |∆Ni|min)
(9)
where
ζ(βi, |∆Ni|min) =
∞∑
0
(m + |∆Ni|min)
−βi (10)
is the generalized or Hurwitz zeta function and the variable m
in Eq. (10) is the number of data points that |∆Ni| ≥ |∆Ni|min. In
addition, the complementary cumulative distribution is:
P(|∆Ni|) =
ζ(βi + 1, |∆Ni|)
ζ(βi + 1, |∆Ni|min)
. (11)
One can then determine the estimates of |∆Ni|min and βi [22].
The Kolmogorov-Smirnov statistic (KS) is defined as:
KS = max
|∆Ni |≥|∆Ni|min
(|F(|∆Ni|) − FPL(|∆Ni|)|), (12)
where F(|∆Ni|) is the cumulative distribution of the absolute
fluctuations of online user activities and FPL(|∆Ni|) is the cumu-
lative distribution of the best power-law fit. The lower bound
|∆Ni|min is determined by minimizing the KS statistic. Then
the power-law tail exponent βi of the data in the range |∆Ni| ≥
|∆Ni|min can be estimated using the maximum likelihood esti-
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Table 1: Characteristic parameters in the power-law distributions of |∆Ni | for the 44 identified virtual worlds based on the Kolmogorov-Smirnov tests and the
maximum likelihood estimation.
No. |∆Ni|min |∆Ni|tail βi σβi KS p-value No. |∆Ni|min |∆Ni|tail βi σβi KS p-value
1 15 2893 2.39 0.020 0.022 0.42 23 29 248 2.20 0.100 0.058 0.29
2 17 1535 2.28 0.124 0.019 0.52 24 31 218 1.59 0.031 0.068 0.56
3 8 13493 2.41 0.005 0.023 0.56 25 21 200 1.78 0.309 0.047 0.60
4 34 888 2.06 0.221 0.041 0.08 26 24 326 2.21 0.137 0.031 0.41
5 50 214 1.66 0.111 0.041 0.53 27 11 9591 2.42 0.047 0.025 0.12
6 37 396 1.81 0.342 0.025 0.55 28 28 528 1.67 0.231 0.021 0.54
7 50 189 1.45 0.131 0.071 0.14 29 28 654 2.08 0.176 0.018 0.54
8 25 1025 1.94 0.068 0.017 0.61 30 48 220 2.46 0.112 0.044 0.79
9 12 1189 2.26 0.035 0.034 0.18 31 32 329 1.86 0.001 0.035 0.96
10 16 3834 2.40 0.053 0.017 0.16 32 25 1279 2.35 0.098 0.016 0.27
11 12 5849 2.42 0.019 0.012 0.24 33 24 500 2.31 0.025 0.028 0.35
12 11 8468 2.48 0.024 0.012 0.15 34 24 978 2.35 0.097 0.032 0.64
13 11 12028 2.15 0.044 0.015 0.11 35 43 194 2.35 0.179 0.033 0.40
14 27 427 1.97 0.053 0.013 0.74 36 7 21307 2.50 0.134 0.037 0.08
15 12 5985 2.45 0.039 0.008 0.12 37 6 20744 2.44 0.032 0.033 0.09
16 29 472 2.18 0.009 0.031 0.43 38 22 723 2.16 0.166 0.027 0.21
17 29 668 2.16 0.046 0.040 0.38 39 10 13440 2.38 0.038 0.027 0.07
18 45 339 2.07 0.147 0.018 0.83 40 26 552 2.04 0.218 0.023 0.42
19 32 985 2.20 0.140 0.025 0.22 41 7 20614 2.47 0.017 0.020 0.14
20 45 268 1.92 0.281 0.042 0.13 42 58 130 2.21 0.105 0.109 0.07
21 10 15661 2.19 0.073 0.015 0.14 43 58 117 2.25 0.061 0.117 0.07
22 27 456 2.06 0.216 0.027 0.24 44 35 227 1.74 0.272 0.033 0.31
mation (MLE) method as follows,
βi ≃ m

m∑
i=1
ln
|∆Ni|
|∆Ni|min −
1
2

−1
. (13)
The standard error σβi of the power-law exponent βi is derived
from a quadratic approximation to the log-likelihood at its max-
imum, which reads
σβi =
1√
m
[
ζ′′(βi+1,|∆Ni|min)
ζ(βi+1,|∆Ni |min)
−
[
ζ′(βi+1,|∆Ni |min)
ζ(βi+1,|∆Ni|min)
]2] . (14)
Following Clauset et al. [22], to check whether the power-
law tail is a plausible fit to the absolute fluctuations of virtual
world activities, we perform the bootstrap test. In doing so, we
generate 2500 realizations of power-law distributed synthetic
data sets with the scaling parameter βi and the lower bound
|∆Ni|min equal to those of the distribution that best fits the ob-
served data. Note that, if we wish the p-values to be accu-
rate within about ǫ of the true value, we should generate at
least 1
4
ǫ−2 synthetic data sets [22]. Thus, if we wish the p-
value to be accurate to about 2 decimal digits, we would choose
ǫ = 0.01, which implies that we should generate about 2500
synthetic sets. We fit each synthetic data set individually to its
own power-law model and calculate the statistic KSsim for each
realization relative to its own model, which is as follows:
KSsim = max(|Fsim − FPL|), (15)
where Fsim is the cumulative distribution of the synthetic real-
ization. We calculate the fraction of resulting simulation statis-
tics being larger than the value of the empirical data, that is,
p − value =
#(KSsim > KS)
Lsim
(16)
where the numerator is the number of realizationswith KSsim >KS
and Lsim = 2500 is the number of synthetic realizations.
Applying these approaches to the absolute fluctuations of
virtual world activities, we identify 44 cases out of the 95 vir-
tual worlds that have power-law tails, in which the p-values
are greater than 5%. The determined characteristic parame-
ters |∆Ni|min, |∆Ni|tail, βi and σβi are presented in Table 1. We
find that the power-law tail exponent mainly concentrates in the
range [2.2, 2.5], while the minimum threshold |∆Ni|min mainly
concentrates in the range [6, 14] and [22, 38] and the number of
observations in the power-law part of the distribution |∆Ni|tail
fluctuates a lot. Furthermore, Table 1 shows that there are only
six p-values less than 0.1 and most p-values are greater than
0.2. We also find that the tail exponent βi is small if |∆Ni|min is
large. A simple linear regression shows that
βi = a0 + a1|∆Ni|min (17)
where a0 = 2.401 and a1 = −0.0097 and the adjusted R-square
is 0.24. The estimated values of the two coefficients a0 and
a1 are significantly different from 0 with the p-values less than
0.1%.
5. Multifractal analysis
5.1. Partition function approach
We apply the partition function approach to unveil the mul-
tifractal nature of the fluctuations of online user activities. De-
5
note the 1-min absolute fluctuation time series of online users
as {|∆Ni(t)| : t = 1, 2, ..., T }. The time series is covered by
V boxes with equal sizes, where V = [T/s]. On each box
B(v, s) = [(v − 1)s + 1, vs] with v = 1, 2, · · · ,V , we define a
quantity u as follows:
u(v; s) = u(B(v, s)) =
s∑
t=1
|∆Ni((v − 1)s + t)|. (18)
The box sizes s are chosen such that V = [T/s] = T/s. The
measure µ on each box is constructed as follows:
µ(v; s) = u(v; s)/U, (19)
where U =
∑V
v=1 u(v; s) =
∑T
t=1 |∆Ni(t)|. We can calculate the
partition function χq [37]:
χq(s) =
V∑
v=1
[µ(v; s)]q, (20)
and expect it to scale as
χq(s) ∼ s
τ(q), (21)
where the exponent τ(q) is the mass scaling exponent function.
The local singularity strength α of the measure µ and its spec-
trum f (α) are related to τ(q) through the Legendre transforma-
tion [37]: {
α(q) = dτ(q)/dq
f (q) = qα − τ(q)
. (22)
When µ(v; s) ≪ 1 and q ≫ 1, the corresponding value of
the partition function χwill be too small such that the computer
becomes “out of memory”. To overcome this problem, we can
calculate the logarithm of the partition function lnχq(s) rather
than the partition function itself, together with a simple manip-
ulation of Eqs. (19) and (20), which results in the following
formula [51]:
lnχq(s) = ln
V∑
v=1
[
u(v; s)
umax
×
umax
U
]q
= ln
V∑
v=1
[
u(v; s)
umax
]q
+ q ln
[
umax
U
]
, (23)
where umax = max
v
{u(v; s)} is the maximum of u(v; s) for v =
1, 2, ...,V .
5.2. Empirical results
Plots (a-c) of Fig. 7 show the dependence of the partition
function χq(s) on the box size s for different values of q in log-
log coordinates for three virtual worlds. We find that the parti-
tion functions χq(s) scale as excellent power laws with respect
to s, with the scaling range spanning about three orders of mag-
nitude. The mass exponents τ(q) are estimated by the slopes of
the linear fits to ln χq(s) with respect to ln s for different val-
ues of q, which are shown in Fig. 7(d). One observes that there
is no evident linear relationship between τ(q) and q for all the
three examples, which is concluded due to the deviation of the
τ(q) curves of the origin time series from the counterpart τ(q)
curves of the shuffled time series that are linear. The nonlinear-
ity of the mass exponent functions indicates that the online user
fluctuations exhibit multifractal nature.
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Figure 7: (color online) Multifractal analysis of 1-min absolute fluctuations
|∆Ni(t)| of online users. (a-c) Power-law dependence of χq(s) on the box size
s for different q of original |∆Ni(t)|. (d) The mass exponent functions τ(q) of
the original |∆Ni(t)| and the corresponding shuffled series. (e) The singularity
strength functions α(q) of original |∆Ni(t)| and its shuffled series. (f) The mul-
tifractal singularity spectra f (α) of original |∆Ni(t)| and its shuffled series. The
inset is the amplification of the main plot around (a, f ) = (1, 1) which only
amplify the shuffled series.
According to the Legendre transformation, we numerically
determine the singularity strength functions α(q), which are the
first-order derivatives of the corresponding τ(q) functions, and
the multifractal functions f (α). The results for α(q) are illus-
trated in Fig. 7(e). One finds that the α(q) function of the second
time series is greater than the rest two functions when q ≥ 2,
which corresponds to the difference in the multifractal singular-
ity spectra f (α) shown in Fig. 7(f). The nonlinearity of α(q) and
the broad spectrum of f (α) are both hallmarks of multifractal-
ity. We note that online user fluctuations in other virtual worlds
also exhibit evident multifractal nature.
5.3. Multifractality and system performance
We now turn to investigate if there are any relationships be-
tween the multifractal nature of online user fluctuations and the
performance of virtual worlds. The most often used conven-
tional measure for quantifying the degree of multifractality is
the width of singularity spectrum, which can be calculated as
follows,
∆αi = αi,max − αi,min (24)
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although alternative measures are also used in some cases [52,
53]. The wider is the singularity spectrum ∆α, the stronger is
the multifractality in the time series. We find that the width
of singularity spectrum ∆α concentrates in the range [0.3, 0.6].
This observation confirms that all the 95 time series associated
with the 95 virtual worlds exhibit multifractal nature [50].
Further, we adopt two measures to quantify the performance
of the virtual worlds. The first performance measure is the time
elapsed for a new world to reach its maximum activity ni,max,
denoted by ti,max. There are 53 (55.79%) virtual worlds whose
tmax values are less than one day and the mean is 2.697 days, in-
dicating a very fast growth of users after a new world is created
in a server. However, there are also a small amount of virtual
worlds whose tmax values are greater than 5 days. The second
performancemeasure is the relative maximum activity ni,max for
each virtual world, as defined in Eq. (4).
We propose the following linear relationship
∆αi = a0 + anni,max + atti,max, (25)
where a0, an and at are the regression coefficients. We perform
least-squares robust linear regressions of Eq. (25) for three sam-
ples: all the 95 virtual worlds, the 44 virtual worlds whose ac-
tivity fluctuation distributions have power-law tails, and the rest
51 virtual worlds whose activity fluctuation distributions do not
have power-law tails. The estimated coefficients a0, an and at
are presented in Table 2, together with the associated p-values.
We find that only the relation for the 44 virtual worlds with
power-law tail distributions in the activity fluctuations is statis-
tically significant. For this sample, the F-statistic is 3.868, the
p-value is 0.029, the R2 is 0.159, and the adjusted R2 is 0.118.
Furthermore, ni,max is different from 0 at the 7% significance
level and ti,max is different from 0 at the 1% significance level.
Table 2: Testing the possible dependence of the width of singularity strength
∆αi on the maximum relative activity ni,max and the time ti,max to the maximum
relative activity using a linear equation (25). The sample “All” contains all the
95 virtual worlds under investigation. The sample “PL” contains the 44 virtual
worlds with power-law activity fluctuation distributions. The sample “Non-PL”
contains the 51 virtual worlds with non-power-law distributions in the activity
fluctuations.
Sample a0 p0 an pn at pt Adj-R
2
All 0.523 0 -0.070 0.101 -0.0014 0.367 0.009
PL 0.560 0 -0.091 0.070 -0.0065 0.010 0.118
Non-PL 0.501 0 -0.058 0.383 +0.0020 0.303 0.019
Table 2 shows that, for the 44 virtual worlds with power-
law activity fluctuation distributions, the activity fluctuations
exhibit stronger multifractality if the users grow faster after the
virtual world is set up. In addition, there is a weak effect that
virtual worlds with high user activities might have weaker mul-
tifractality. These two effects are indeed consistent with each
other and an intuitive interpretation is store. When there are
less active users and the virtual system reaches maturity faster,
the user activity may fluctuate relatively severely, which results
in larger intermittence and stronger multifractality.
5.4. The components of multifractality in |∆Ni(t)| series
Generally speaking, understanding the components of mul-
tifractality is an important and subtle issue. There are a wealth
of studies showing that multifractal nature is usually attributed
to the influence of temporal structure (linear correlation and
nonlinearity) and fat-tailedness in the probability distribution
[32, 50, 54]. In addition, one can quantitatively determine the
contribution of the temporal structure and the fat-tail compo-
nents through the singularity width ∆α of the multifractal spec-
trum.
To understand the impact of the temporal structure, we shuf-
fle the |∆Ni(t)| series 100 times and determine their singularity
spectra [55–57]. For each point on the τ(q), α(q) and f (α) curve
of the shuffled data, τ(q), α(q) and f (α) are the arithmetic aver-
ages of the respective 100 values of the shuffled data. And the
almost invisible error bar is the corresponding standard devia-
tion which is extremely close to zero. The results are depicted
in Fig. 7. One can find that the singularity width of shuffled
data shrinks remarkably by observing Fig. 7(f). These obser-
vations imply that the temporal structure (linear correlation and
nonlinearity) of the |∆Ni(t)| series has a crucial impact on the
singularity width ∆α.
In addition, given that some |∆Ni(t)| time series have broad
distributions of fluctuations which can be observed in Fig. 2, it
is natural to conjecture whether the large fluctuations have re-
markable contribution to the observedmultifractality of |∆Ni(t)|.
In financial markets, the null hypothesis that the reported multi-
fractal nature stems from the large price fluctuations cannot be
rejected [58].
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Figure 8: (color online) Dependence of the singularity width ∆α on the fixed
ρ% for the truncated time series from which the largest ρ% of absolute activity
fluctuations |∆Ni | have been deleted (∆αtrun) and for the shuffled truncated data
(∆αshtr).
To investigate the impact of broad distributions of fluctua-
tions on the singularity width ∆α of the multifractal spectrum,
one can either remove large values [59] or generate surrogate
data [50, 54–57]. We have followed the first idea and con-
structed the truncated time series by eliminating the largest ρ%
of |∆Ni(t)|. For convenience, the resulting data are termed as
truncated data. We have generated 13 truncated data sets with
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the truncation percentage ρ spanning from 0 to 12 with a spac-
ing step of 1. The dependence of the singularity width ∆αtrun
on ρ is illustrated in Fig. 8. The singularity width ∆α drops
dramatically after removing the top 1% data and then decreases
smoothly with increasing ρ, which remains at a relatively high
level. For each value of ρ, the truncated data are shuffled to
generate 100 shuffled truncated data sets. For each shuffled
truncated data set, we determine its average singularity width
∆αshtr, which is very close to 0. The results are also presented
in Fig. 8 for comparison. These analyses indicate that large
values in the |∆Ni(t)| series have a significant impact on ∆α,
which is however not the unique influencing factor. The tem-
poral structure of the truncated series is also a strong factor on
its multifractality. What’s more, we have investigated the com-
ponents of multifractality in other virtual worlds and observed
similar results.
6. Conclusion
In summary, we first characterized the basic properties of
the time series of 1-min instant number of online users or user
activity Ni(t) of 95 independent virtual worlds of an MMORPG
inhabited in different servers. We confirmed the presence of
intraday patterns and weekly patterns in user activities, which
are common traits in human dynamics due to circadian rhythms
and weekly cycles [16, 21, 48, 60]. Based on an effective ap-
proach proposed by Clauset et al. [22], we identified that there
are 44 time series of absolute activity fluctuations |∆Ni(t)| fol-
lowing power-law distributions in the tails. We estimated that
the power-law tail exponent mainly concentrates in the range
[2.2, 2.5].
In order to detect the multifractality in absolute activity fluc-
tuations |∆Ni(t)| and its relation to the performance of virtual
worlds, we have performedmultifractal analysis of |∆Ni(t)|, based
on the partition function approach. We found that all the 95 time
series exhibit evident multifractal nature. We further found the
width of singularity strength ∆α is negatively correlated with
the maximum activity ni,max at the significance level of 7% and
with the time to the maximum relative activity tmax at the sig-
nificance level of 1% for the 44 virtual worlds with power-law
tailed distributions in their absolute activity fluctuations. Our
findings show that the strength of multifractality in the abso-
lute user activity fluctuations reflects to some extent the self-
organized behavior of complex socioeconomic systems and is
able to quantify their evolution behaviors.
Additionally, we find both temporal structure and large fluc-
tuations contribute to the multifractality of the |∆Ni(t)| series,
while the temporal structure plays a major role. However, we
should note that these analyses unveil only the mechanical sources
of multifractality originated from other statistical properties of
the time series, which does not provide a physical mechanism.
Further studies are required to understand the mechanism that
causes the emergence of multifractality in the fluctuations of
user activities by agent-based modelling.
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